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Introduction to Pre-Calculus Algebra

This module is a follow on from the Basic Algebra module.

Before you start this module you should be familiar with the following topics from the Basic Algebra
module.

Introduction | Introduction to algebra and equations

Topic 2 Adding and subtracting like terms

Topic 3 Multiplying and dividing terms

Topic 4 Expanding brackets

Topic 5 Factorising

This module will review the content above and extend the concepts of Expanding, factorising and solving
equations. The concept of inequalities will be covered.

A polynomial is made up of terms that are only added, subtracted or multiplied.

The word “polynomial’ suggests an expression that contains many terms, however, two commonly used
terms are: binomial — 2 terms (for example: 2x+1 ) and trinomial — 3 terms (for example: 2x* —=5x+1 ).

It is common to see polynomials with just one variable, such as x* + 2x? — 12. With these polynomials it is
common to write these in a standard form. In standard form, the term with the highest exponent is written
first. Other terms are then written in exponent descending order.

The polynomial, 5x% — 7x2 + x — 7 is written in standard form. The highest exponent of any term in the
polynomial is called the degree of the polynomial. For this polynomial, the degree is 3.

In this module some properties of real numbers are used.
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Addition and subtraction properties

Addition with zero Adding zero to a term will not n+0=n
change its value 0+n=n
Subtraction with zero Subtracting zero from a term will n—-0=n
not change its value
0-n=-n
Subtracting a term from zero will 0—(-n)=n
give the inverse of the term Take Care!
Commutative property of The order in which terms are a+b=b+a
addition added will give the same result
Order of subtraction Order cannot be changed for a-b=b-a
subtraction But the rule below can apply
a-b=—(b-a)

Associative property of
addition

Numbers can be grouped in any
order

Multiplication propertie

S

(a+b)+c=a+(b+c)

Multiplication with zero When a term is multiplied by nx0=0
zero, the result is zero Oxn=0
Multiplication with one When a term is multiplies by 1 nxl=n
the result is the term 1xn=n

Commutative property of | The order terms are multiplied nxm=mxn

Division properties

multiplication will give the same result
Associative property of | Numbers can be grouped in any (axb)xc=ax(bxc)
Multiplication order

Division by itself When a term is divided by itself, n+n=1

the result is 1 (n=0)

Division by One When a term is divided by1, the n+l=n
result is itself

One divided by aterm | When 1 is divided by a term, the lonolt

result is the reciprocal of the term n= n

n

pLm_n [1+m=1x1=£
m

(m,n=0)

n m m

]

Division by zero

When a term is divided by Zero,
the answer is undefined

n =0 = undefined

Zero divided by a term

When 0 is divided by a term the
answer is 0

0+n=0
(n=-0)
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Topic 1: Multiplying (expanding) and dividing
Multiplying

Expanding is when the distributive law is used to remove brackets, taking a product and writing this as a
sum. Factorising is the opposite of expanding, where a sum is written as a product.

Product Sum Sum Product

3(a+b)=3a+3b 3a+3b=3(a+b)
Expanding Factorising

To expand brackets, everything in the brackets must be multiplied by the term outside the brackets.

Multiplying by a constant

When an algebraic expression is multiplied by a constant, every term in the polynomial must be multiplied
by the constant. If the constant is a negative, take care getting the sign of the answer. If more than one
multiplication is being performed, finish the question by adding or subtracting like terms.

For example:
2(f +29-1) —3(x* —4x-9)
=2xf + 2x29 - 2xi — 3xx® —3x-4X —3x-9
=2f +49-2i

=—3x* +12x+ 27

3(25- 4x%) —5(2x2 +3x —10)

2
e oy §(6a+9b—4)
=75-12x°—-10x" —15x+50

=-12x* -10x* —15x+50+75 :%xea + %xgb - §x4
(Take Care! 75 is added) 8
= —22x? —15x+125 ScRHEs=g
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Multiplying by a single term containing a variable(s)
When a polynomial is multiplied by a term containing a variable, multiplication of variables is required.
When multiplying variables, skills in exponents may be required.

Examples:
a(b+2c+8) 3x(x* + x—3)
—axb + ax2c + ax8 =3xxx* + 3XxX + 3xx 3
=ab+2ac+8a —3x3 +3x2 —9x
3ab(4a-b) —3x*(X* —X+6)
=3abx4a - 3abxb = 3x2xx? — 3x°x X+ 3x’x6
=12a%h —3ab? =-3x* +3x*-18x2
3 _ 2
5m°(am+bn—4) §(3x4—x3+x——4Xj
=5m°®xam + 5m®xbn - 5m°x4 X
_ 4 3, 3 \ ) z
=5am* +5bm*n —20m _3 a3 +§XX__§X4X
X X X 3 X

=9x®—3x*+x-12

e Take care with signs
e Terms involving numbers (coefficients) and pronumerals are usually written with the number
(coefficient) in front, followed by the variables in alphabetical order.

Multiplying one polynomial by another polynomial
When a polynomial is multiplied by another polynomial, it is important to use a method that ensures that
every term from one polynomial is multiplied by every term in the other polynomial. After practice, you

may be able to do these mentally.

To help in this process, one of two methods is used. Remember that when no operation is shown,
multiplication is implied.

The first method involves multiplying the second polynomial by each individual term in the first
polynomial. This is achieved by multiplying the second polynomial by each term of the first polynomial.

These are multiplied out and like terms (if any) are collected. In the question (& + 3)(2b +1) the second

term is multiplied by a and then by 3.This method works well in any situation.
(a+3)(2b+1)

=a(2b+1)+3(2b+1)
=2ab+a+6b+3
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Note: There are no like terms so this cannot be simplified any further.
The second method involves multiplying every term in the first polynomial with every term in the second
polynomial. If two binomials are used, the acronym FOIL is useful;

F — multiply the First terms
O — multiply the Outer terms
I — multiply the Inner terms
L — multiply the Last terms

Multiply the First terms: a x 2b =

Multiply the Last terms: 3x1 =3

& . X
(a +§)(2b +1)

Multiply the Inside terms: 3 x 2b =

Multiply the Outside terms: a x 1

(a+3)(2b+1)=2ab+a+6b+3
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Example: Expand

T Wehodl: | Mehodz |
(@+4)(b+1) m

Split the 1% factor into a and 4 a + @+ i}
=a(b+1)+4(b+1) |
=ab+a+4b+4 @)
F=axb=ab
O=axl=a
| =4xb=14b
L=4x1=4
=ab+a+4b+4

F L

(x+3)(x-5) TS
=X(x—-5)+3(x-5) (x + 3)(x - 9)

) \$/
= x? —5x+3x—15 w

w2 _9y_ O
=0 =2i=ls F=xxXx=x

O=xx 5=-5x

| =3xx=3X
L=3x"5=-15
= X* -5x+3x-15
=x*-2x-15

A F L
G TS
=2X(3-4x) -1(3-4x) (2x _@9_ 4x)
=6X —8x" — 3+ 4x |
=-8x* +10x -3 O

F=2xx3=6x

O =2xx 4x=-8x°
| ="1x3="3
L="1x"4x=+4X
=6X—8x* —3+4x
=-8x*+10x -3

- 2 - The FOIL method only works (best) for two
(2x—3)(x* —2x+4) 0d or
— 2x(x2 —2X+4) - 3(x2 —2x+4) binomial factors.

=2x° —4x* +8x—3x* +6x—12

=2x° = 7x* +14x-12
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(Xx—2y+4z)(4x+y—22)
=X(4x+Yy—22)-2y(4x+Yy—-22)+4z(4x+y—-22)
=A4X* + Xy —2xz —8xy — 2y* + 4yz +16xz + 4yz — 87°
=4x* —Txy +14xz - 2y* +8yz —87°

3(3x-5)(x* —=x-1)

expand brackets first

= 3[3x(X* —x—1) - 5(x* —x—1)]
=3[3x> —3x* —3x —5x* +5x+5]
=3(3x* —8x* +2x+5)

=9x> —24x* +6x+15

The video below covers some examples similar to those above. Click on the image below to start
downloading the video. Depending on your internet connection, this may take a minute or two.

ﬁ Video ‘Multiplying (expanding)’
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https://youtu.be/J_NpM-49c0w
https://youtu.be/J_NpM-49c0w

Identities

Special binomial multiplications — Perfect Square

In this section, the special case of a binomial squared, written as (a+b)?, is considered. Because this can be
used for any binomial factor, it is given the special name of an identity.

Developing the identity:
(a+b)?
=(a+b)(a+bh)
=a(a+b)+b(a+b)
=a’+ab+ba+b’
=a’ +2ab+b?

(a+b)>=a*+2ab+b’

When expanding a perfect square, there are two options:

(1) use the identity or (2) just expand using method 1.

For example:
Using the identity Expanding using method 1
(x+3)° (x+3)°
using the identitya=x, b=3 =(x+3)(x+3)
:x2+2><xb><3+32 =X(X+3)+3(X-|—3)
a2 +2al +b?
2
% 16X+ 9 =X +3Xx+3x+9
=Xx*+6x+9
(3x+5)° (3x +5)?
using the identitya=3x, b=5 = 3X(3Xx+5) +5(3x +5)
:(3x)2+2><3;xb><5+ 5b22 =9x* +15x +15x + 25
a2 +2a + 3 .
_9x? +30x+ 25 =9x° +30x+25
(2x +5Yy)? (2x +5y)°
using the identity a = 2x, b =5y = 2X(2x+5y) +5y(2x +5Y)
= (2X)*+ 2 x 2xx5y+ (5Y)? = 4x* +10xy +10xy + 25y?
a? +2ab +b?
b = 4x* + 20x + 25y°

using brackets will ensure both

coefficient and pronumeral are squared
= 4x* + 20X + 25Yy?
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There is similar identity based on subtraction;
(a-b)*
=(a—-b)(a-b)
=a(a—b)-b(a-b)
=a’—ab—-ba+b’
=a’—2ab+b’

(a—b)*=a’—-2ab+b’

(x=7)° (x=7)°
using the identitya=x, b=7 =(X=7)(x-7)
=x2—2><x;<7+72 =X(X=7)=7(x=7)
al —2al +b?
2 7y
— w2 _14x + 49 =X —=T7TX-17x+49
= X° —14x+49
(4x-y)* (4x—y)*
using the identitya=4x, b=y =4X(4x—Yy) - y(4x-y)
= (4X)* = 2x 4Xx y+ y? =16X> —4xy —4xy + y?
a’ +2ab +b?

_ 2 2
1652 —8xy + y? =16X"—-8xy +Yy

Although using identities can be useful, the most important skill is knowing how to expand logically as this
will give the skills to cope with any given situation.
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Take care:

A commonly made mistake is when expanding a perfect square is:
(X+2)° #x*+4
This is incorrect because the middle term is omitted.

An example that combines the skills covered so far are:

Expand 3X(2X — 3)(X + 2)?

With complex expansions like this, start with the perfect square, then multiply by the
binomial factor and then the factor 3x.

(X+2)°

=(Xx+2)(x+2)

=X(X+2)+2(x+2)

=xX>+4x+4

Now the expression is: 3X(2X — 3)(X* + 4X + 4)

(2x—3)(X* +4x + 4)

= 2X(X* +4X+4) = 3(x* +4x+4)

=2x° +8x° +8x—3x* —12x-12

=2x> +5x* —4x-12

Now the expression is: 3X(2X° + 5% —4x —12)
3x(2x° +5x° —4x -12)

=3xx 2X° +3xx5x* —3x x 4x —3x x12

=6x* +15x% —12x% — 36X

There is one more identity worth knowing about. This identity is about the product of two binomial factors

in the form of (a2 +b)(a—D)

sum difference

Page 10



Expanding these two binomial factors gives:

(a+b)(a-h)
=a(a—b)+b(a—Db)
=a’—ab+ab-b?

—a’-b?
For example:
(x-3)(x+3) b=8fpe
(a-b)  (a+h)
B =X(x+3)-3(x+3)
20 = x° +3x—-3x-9
= X2 — 9 B X2 =9
(5+2) (5— 2X) (5+2x)(5-2x)
(a+b) (a-b) :5(5_2x)+2x(5—2X)
=52 — (2x)? 2
A =25-10x+10x —4x
95 ay? =25-4x°

More examples that combine the skills cover so far are:

Expand X° (5 — 3X)(5 + 3X)
(5-3x)(5+3x)
= 25-9x*
Now the expression is:
X (25 - 9x%)
= 25%x* —9x*

Expand (3X —1)°
this is the same as (3x —1)(3x —1)°
(3x —1)°

=9x* —6x+1
Now the expression is:

(3x —1)(9x* — 6x +1)

=3x(9x* —6x +1) —1(9x* — 6x +1)
=27x> —18x* +3x—9x* +6x -1
=27x*—27x* +9x -1
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Expand g(2x —EJ(ZX + ij(3x - 4)2
3 2 2

Start with the more complex. There is a perfect square (@ —0)* and a

(a+b)(a—b) structure. These are equally complex so order for these two parts is
sum difference

unimportant.

The video below covers some examples similar to those above. Click on the image below to start
downloading the video. Depending on your internet connection, this may take a minute or two.

(3x—4)2
=9x? —24x+16

Now the expression is 2fox-L)ox4 1 (9%* —24x+16)
3 2 2

et

_ael
4

Now the expression is %(4% —%)(QXZ —24x+16)

4x? (9x2 — 24X +16)

1
—Z(sz — 24X +16)}

36x* —96x° +64x° —%xz +—x—_}

36x* —96x° +2%7x2 +6x—4j

WIN Wi Wl

= 24x* —64x3+2;:;7x2 +4x—%

ﬁ Video ‘Multiplying (Using identities)’
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https://youtu.be/mN-VWBjLyqY

Polynomial division

In this section, a polynomial (dividend) will be divided by another polynomial (divisor) using a method

similar to long division. The resulting answer is not necessarily a polynomial. It may be worth reviewing

long division with numbers to help follow the example below.
Example: Dividing by a single term (monomial)

(5x° = 2x* + 4%) + X
This is best written as
5x° —2x? + 4X

X
5 2x* 4x
X x o x
=5%* —2x+4

Example: Dividing by a single term (monomial)

(2x-3)-2(3-2x)
2X

_ 2X—-3-6+4x

B 2X

Example: Dividing by a single term (monomial)

3xy® +5x%y —15x%y?

3x2y2
_ 3xy® | bx’y 156x*y?
3x°y*  3xy* 3x%y?
1 5
=;+§—5
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When dividing by a binomial factor, the process is similar to performing long division with numbers.

Example:
8 82 821
6)4926 — 6)4926 — 6)4926 — 6)4926
481 481 481
1 12 12
124 124
0 06
6
0

Example: (4X* +4Xx+1) + (2x —3)

2x—3>4x2 +4x+1 ethink: what is 4x”* + 2x (= 2X)

This gives;
2X <

2X — 3>4x2 +4x+1 e Now subtract the product of 2x & 2x —3 (= 4x* —6X)

- 4x°—6X < eSubtract 4x — (—6x) =10x
10x . |

Now, consider the next term in the dividend;

2X+5 <«
2X —3>4x2 +4x+1 eDbring down the next term

- 4% -6x e think: what is 10x +~ 2x? (=5)
10x+1 e multiply 5 and 2x —3 (=10x —15)
- 10x-15 e subtract 1—(-15) =16
16, |

16
2X—3

The answer is expressed as (4X” +4X +1) +(2x—3) =2Xx+5+
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Example: (X° +2X° —5X—6) +(x+1)

x+1>x3+2x2 —5x—6 ethink: what is x° + x (= xz)

This gives;
x> <

X +1>x3 +2x* —5x—6 e Now subtract the product of x> & X +1 (= x* + x*)

2

- x4+ x> «— eSubtract 2x> - x*> =X

X° |

Now, consider the next term in the dividend;
X2+ X <
X +1> x> +2x* —=5x—6 e bring down the next ter

D G e think: what is x* + x? (= X)
x* —5x e multiply x and x+1 (= x* + X)

- X+ X <«—Jesubtract -5x — x = —6x
—b6X < |

Now, consider the next term in the dividend;
X +X —6 <
X +1> x> +2x* —5x—6 ebring down the next term

- x*+x2 4 Jethink: whatis —6x=+x? (=-6)
x?—5x 4 emultiply -6 and x +1 (- 6x — 6)
- x2+x | esubtract
—6X—6 <«
- —bx-6
0

There is no remainder, so (X° + 2X* —=5X—6) +(X+1) = X* + X —6

With numbers; we can say that 8 is a factor of 96 because 96 + 8 = 12 with no remainder. In the example
above; (x*+2x*—5x—6)+(x+1) gave the result x> +x—6 with no remainder, therefore it is possible to say

that (x+1) is a factor of (x> +2x° —5x—6).

The video below covers some examples similar to those above. Click on the image below to start
downloading the video. Depending on your internet connection, this may take a minute or two.
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ﬁ Video ‘Dividing (Polynomial division)’
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https://youtu.be/11kz6X53omc

Activity

1. Expand the following, collect like terms if possible.

@  3(9-2x)
(c) 4x—-3(x—4)
(e)  75-4(2x*+x-6)

2. Expand the following, collect like terms if possible.

(a) a(3a—4b+1)
5)

212p+4+=
©) p( p+ +pj

©  ~4x(9-x)—5(4-x)

3. Expand the following, collect like terms if possible.

(@)  (2a-1)(4b-3)

©  (x+3)(x-2)
(e) (x— 4)
(9) (x—2)(x+2)
M (x-2y

4. Perform the following divisions.
(a) (X* —4x+11)+(x+4)

(b) (x3+4x2+x—6)+(x—l)
(c) (2x°-5x* —14x+8)+(2x-1)

(b)

(d)
(f)

(b)
(d)

()

()
(d)
(f)
(h)
()

1
5(4)(2 ~x-9)

2(x2 +x+4)+3(x+6)—(x2—2x+9)
4(x+4y)-5(x—-2y+1)+2(x-3)

4ac(b+2c-7)
x(x2 +4x—1)—3(x2 +1)

3;‘;((6x3 +5X° —x+4)
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Topic 2: Factorisation

Factorising is the opposite of expanding. Factorising (sometimes called factoring) is based on the word
Factors, so factorising is about producing factors. Just like the factor pairs of 36 will multiply to give 36, the
factor of a polynomial must multiply to give the polynomial.

NV
3a+3b=3(a+b)
Factorising

Factorising is about starting with a sum (or difference) of terms and finishing with a product of factors. In
the question above, the start is a sum(+) of two terms(3a, 3b) and finishing with a product (x) of two factors
[3 and (a+b)].

Factorising by common factor
Factorise 2a+6

The first step is to look at the two terms and identify the highest common factor (HCF). In this case the
HCF is 2. Write each term with 2 as a factor. With experience, some of the steps may be omitted.

2a+6
=2xa+2x3
=2(a+3)
Examples
3f-21 3 3f -21
=3x f —-3x7
=3(f -7)
2ab—a a 2ab—a
=ax2b—axl1
=a(2b-1)
3Xy — 6xz 3X 3xy —6xz
=3Xxy—3Xx2z
=3xx(y—22)
=3x(y —22)
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ab’c + 3ab ab ab?c + 3ab

=abxbc+abx3
=ab(bc + 3)
~25x* —10x “5X ~25%% —10x
= 5Xx5X+ 5xx2
Hint: take out a = "5x(5x + 2)

negative common
factor if the first term
IS negative

Remember, you can check your answer by expanding the answer you obtained to get the quegtion back. For

example:
ab(bc +3)

=abxbc+abx3

= ab’c + 3ab
= the original expression

Factorising by common factor (grouping factor)

Consider the question:
Factorise X(a+Db)+4(a+b)

You notice that this expression is basically two terms. Looking at both terms you will notice that (a+b) is
common to both terms. This common factor is called a grouping factor. It is a factor just like the questions
above.

X(a+b)+4(a+hb)
=(a+b)(x+4)

Factorise p(r—s)—4(r —s)
p(r—s)—4(r-s)
= (r-5)(p—4)

Factorise 2e(a—b)—5(b-a)

Notice in this example that the grouping factors are not the same, but they are similar. Factorising by
grouping factor cannot happen until they are both the same.
The binomial (b - a) can be rewritten as —(a - b). Check by expanding if you are unsure.

2e(a—b)—-5(b-a)
=2e(a—b)-5x—(a—b)
=2e(a—-Db)+5(a-Db)
=(a—b)(2e +5)
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Factorise y(a—b)+a—-Db

This question becomes clearer if some extra detail is added, a-b can also be expressed as 1(a-b). Then the
expression becomes:

y(a—-b)+a-Db
=y(a—-b)+1(a-b)
=(a-b)(y+1)

Factorise ab(a—b)+b—a

ab(a-b)+b-a
=ab(a-b)+(b—a)
=ab(a—b)-1(a-b)
=(a—b)(ab-1)

Often the questions require some factorising before a grouping factor becomes clear.
For example: Factorise ab +4b —4a—16

By looking at the first two terms you notice a common factor of b and another factor (a+4). When looking at
the last two terms you notice a common factor of -4 and another factor (a+4).
ab+4b—-4a-16

=b(a+4)-4(a+4)
=(a+4)(b-4)

Factorise a° —3ab —3a +9b
a’—-3ab-3a+9b

=a(a—3b)-3(a—-3b)
=(a-3b)(a—-3)

Factorise 15pr —3rq+5ps—qs

15pr-3rq+5ps—as
=3r(5p-0q)+s(5p—-0q)
=(5p-a)@r+s)
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Factorising by common factor (exponents)

Sometimes a good knowledge of exponents is required to determine the common factor. In the example
below the common factor is a power. Remember you can always expand to see if you are correct.

& Factorise m’ +m*
m’ +m*

=m*(m® +1)

& Factorise M* + m**

a+2

m® +m
=m?(1+m?)

&~ Factorise €2 + ¢

2X X
=e*(e"+ 1)
& Factorise €* + €~
e*+e” e +e”
=e (e +1) —e*(1+e™®)
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Factorising trinomials

In this section we will practise factorising quadratic trinomials. Trinomials are polynomials that contain
three terms. A quadratic trinomial is a trinomial in the form: ax® + bx + ¢ where a, b and ¢ (a#0) are

coefficients, for example: 3x* —4x+1.

This is an important skill to have for simplifying algebraic expressions and graphing functions.

Two methods are shown. The first method is logical where thinking about possible solutions is required. The

second method is a sequence of steps, so following the method to achieve an answer just involves

remembering the method.
Example: Factorise the trinomial x*+7x+10

Mental Strategy

You know that a trinomial may produce 2
monomial factors.

Using ideas from the FOIL method of expanding,

the first term of the trinomial, X?, came from

XX X;

the last term 10 could come from the factor pair 2
and 5, or 1 and 10.

Construct a t diagram to help.
On the left, list the factors of the first term X2,

On the right list the factors of the last term 10.
(In this case: 2 & 5and 1 & 10)

The arrows represent the two middle terms (the Ol
from FOIL). Under each pair write sum of the two
middle terms indicated by the arrow.

(x+2)

- 1x+10 =
2X+5x = 7x 11x
The middle term in the question is 7x, so the
result is:

X2 +7x+10 = (X+2)(x+5)

Sequence of Steps Strategy

The general form of a trinomial is
ax” +bx +c . So for the trinomial being

factorised x*+7x+10;
ac=1x10=10and b=7.

Think of two numbers that multiply to 10 and
add to 7? 2 and 5. If there are no such
numbers, then it means it cannot be
factorised.

This gives us the breakdown of the middle
term 7xinto two separate terms 2x and 5x.

Now the trinomial becomes:
x> +7x+10

=X* +2x+5x+10

Using our knowledge of grouping factors:
X2 +7x+10
= x> +2x+5x+10
=X(X+2)+5(x+2)
=(x+2)(x+5)

If no grouping factor is found — a mistake has
been made.

After some practice, you may use the Mental Strategy for easier questions and the Sequence Strategy for

more difficult questions.
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Example: Factorise the trinomial x*+2x-15

Mental Strategy Sequence of Steps Strategy

The first term of the trinomial, x>, came from For the trinomial being factorised X° + 2X —15;
XX X. To obtain (-15) from two numbers, one will | gc —1x 15="15and b= 2.
be positive, the other negative; so the factor pairs

of (-15) are 1 and -15, -1and 15,3 and -5 or -3and | Two numbers that multiply to -15 and add to 2 are -3
5. Note factors that differ only by sign must be and +5 (-3x5=-15,-3+5=2)

included. This gives us the breakdown of the middle term 2X

o — into two separate terms —3x and 5x.

X?W -3 Now the trinomial becomes:
5

2
X/m x? +2x—-15
— =x*—3x+5x-15

1_)(112))(( X+15x :?(25))(( 3x+5x =X(X=3) +5(x~3)

B =14x = 2X = (x-3)(x+5)
This indicates the correct option is:
x> +2x—15=(x—3)(x +5)

Example: Factorise the trinomial 2x* +3x—2
Mental Strategy Sequence of Steps Strategy

The first term of the trinomial, 2x?, came from For the trinomial being factorised 2X° +3X—2;

2xx X . To obtain (-2) from two numbers, onewill | 536 = 2% 2= "4andb=3.
be positive, the other negative; so the factor pairs

of (-2)areland-2,-1and 2,-2and 1 or 2and -1. Two numbers that multiply to -4 and add to 3 are -1
and +4 (-1x4=-4,-1+4=3)

This gives us the breakdown of the middle term 3X
into two separate terms —X and 4x .

Now the trinomial becomes:
2x2 +3x -2
=2x" —X+4x-2
=Xx(2x-1)+2(2x-1)
=(2x-1)(x+2)

This indicates the correct option is:
2X2 +3x-2=(2x-1)(x+2)
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Example: Factorise the trinomial 3x* —11x+6

Mental Strategy

The first term of the trinomial, 3x*, came from
3xx X . To obtain 6 from two numbers, both will
be positive or both negative. With the middle term
negative, the factor pairs of 6 are -1 and -6, or -2
and -3.

-1x-18x =-
19x

-2X-9x = -
11x

This indicates the correct option is:
3x% —11x+6 = (3x - 2)(x - 3)

Example: Factorise the trinomial 3x* —3x—90

Sequence of Steps Strategy

So for the trinomial being factorised 3x* —11X+6;
ac=3x6=18and b=-11.

Two numbers that multiply to 18 and add to -11 are -
2and -9 (-2x-9=18,-2+-9=-11)

This gives us the breakdown of the middle term
—11X into two separate terms —2X and -9x .

Now the trinomial becomes:
3x* —11x+6
=3x*—2Xx—9x+6
=X(3x-2)-3(3x-2)
=(3x-2)(x-3)

Looking at this trinomial, you will notice that there is a common factor of 3 in each term, so the first step in
this factorisation is taking out the common factor. This makes the remaining factorising much easier

3x* —3x—90 =3(x* — x—30)

Now the trinomial: x?> —x—230is to be factorised

Mental Strategy

The first term of the trinomial, x>, came from

XX X. To obtain -30 from two numbers, one will
be positive and one will be negative. The factor
pairs of -30 are -1 and 30, 1 and -30, 5 and -6 or -5
and 6.

e 5 s

X M\ﬁ\b
-1x+30x 1x-30x 5x-6X -
=29x =-29x =-X 5x+6x

=X

This indicates the correct option is:
x* —x—30=(x+5)(x—6)

Sequence of Steps Strategy
So for the trinomial being factorised x> —x—30;
ac=1x-30=-30and b=-1.

Two numbers that multiply to -30 and add to -1 are 5
and -6 (5x-6=-30,5+-6=-1)

This gives us the breakdown of the middle term —1X
into two separate terms 5X and -6x .

Now the trinomial becomes:
x* —x-30
= x> +5x—6x-30
=X(x+5)-6(x+5)
=(X+5)(x—6)

The final result is 3x* —3x—90 =3(x* —x—30) =3(x+5)(x—6)
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Example: Factorise the trinomial 6x* +11x+4

Mental Strategy

The first term of the trinomial, 6x° , came from

XX BX or 2xx3x. To obtain 4 from two
numbers, both will be positive. The factor pairs of
4 areland4,or2and?2.

This time there is two options for the first term.

X \ 2X 2 1
6x/1x)§f%§2\\>‘4
2X+6X B6X+4xX
> =8X =10x
L » 6Xx+4x 3x+8x
=10x =11x

This indicates the correct option is:
6X” +11X+4 = (2x+1)(3x + 4)

Sequence of Steps Strategy

So for the trinomial being factorised 6X* +11X+4 ;

ac=6x4=24and b=11.

Two numbers that multiply to 24 and add to 11 are 3
and8  (3x8=24,3+8=11)

This gives us the breakdown of the middle term 11X
into two separate terms 3X and 8x .

Now the trinomial becomes:
6x° +11x +4
=6X"+3x+8x+4
=3x(2x+1) +4(2x+1)
= (3x+4)(2x+1)
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Difference of squares

A difference of squares is written as the identity a® —b® = (a+b)(a—b)
You may remember seeing this, reversed around, as a useful identity for expanding.
When do you know if you have a Difference of Squares?

The example below is a Difference of Squares

X? T 4
x2 is x squared Difference 4 is 2 squared (2?)
(subtract)

Note: There is no middle term

Example: Factorise x*—4
x> -4
— X2 _ 22
=(X-2)(x+2)

Example: Factorise x*+16
This is not a difference of squares

Example: Factorise x*—225
x* —225
=x? -15°
=(x+15)(x—-15)

Example: Factorise 3x* —75
3x*-75 eCommon factor of 3
= 3(x? — 25)
=3(x* -5%)
—3(x—5)(x+5)
Example: Factorise 4x° — 49
4x* - 49
=(2x)°-7°
=(2x=T)(2x+7)
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The question below uses our knowledge of square and square roots.
Example: Factorise x*—5
x> -5
=x° —(\/5)2 5 can be rewritten as («/3)2
= (x=5)(x+5)

Perfect squares
The identities for perfect squares are:
a’ +2ab+b* = (a+b)?
and a’ —2ab+b* = (a—b)?

You may remember seeing these, reversed around, as useful identities for expanding. However, for
factorising you need to be able to see the how the middle term relates to 2ab.

Look at the trinomial. If the first and last terms are perfect squares, then examine the middle more closely. If
the middle term is 2ab where a is from the first term and b is from the last term, then it is a perfect square.
Remember you can always factorise as a trinomial, you will get the same result.

Example: x°+ 6x +9 = (x+3)°
X2 2x3xx 32

Example: x’— 10x +25=(x—5)

X 2x 7 5xx 52

Example: 4x°+ 4x +1=(2x+1)°
(2x)2 2Ax2x 12

Example: 4x°— 20x +25=(2x-5)

(2x)>  2x75x2x 5
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Sum and difference of cubes

Two other identities worth knowing are the sum and difference of cubes. The appearance of these is below:

Sum of Cubes
Identity:
a’+b’ =(a+b)(@*—ab+b?)
Examples:
(i) x*+8
=x+2°
a® b

=(x +b2)(x2 —2X+4)

a?—ab+b?

(ii) 108+ 4x> ecommon factor of 4
=427+ x°)

=43 +x%)

=4(3+x)(9-3x+x%)

(iii) 64x° +1
= (4x)’ +1°
= (4x+1)(16Xx* —4x +1)

Difference of Cubes
Identity:

a’—b’=(a—-b)(@’ +ab+b?)
Examples:
(i) x* —125

— X3_53

a b

= (x—=5)(x* +5x +25)
a+b a?—ab+b?

(ii) -1+ 8x°

=8x*-1

=(2x)* -1°

= (2x-1)(4x* + 2x+1)

(iii) 24x> —81y® e common factor of 3
=3[ 8x* - 27y’ |

=3[ (2x)'-@y)’]

=3(2x-3y)(4x" +6xy +9y*)

Factorising a sum or difference of cubes results in the product of a binomial factor and a trinomial factor,
which can be written as a® +£b* = (a+b)(a”* Fab+b?). The trinomial factor will not factorise further.

The video below covers some examples similar to those above. Click on the image below to start
downloading the video. Depending on your internet connection, this may take a minute or two.

ﬁ Video ‘Factorisation’
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Activity

1. Factorise the following.

6x—-12
7a—-21b
14a+24b
6Xx —6x°
14a-21a’
12a-20a’
9ax® —12a°x
7a’b —49ab’
“4x3 —24x

3(x+ y)2 +2(x+Y)
3a(x—y)-2(y—x)
3(p+a) —6(p+q)
a’+3a-ac-3c
X2y2+1-x’y—y

12x° + x°y — 4x%y - 3x*
4x* +x—12ax—3a
2a’h—2a—b+ab’

Xn+2 + Xn—2

2x —2X

e —e

X2 +5X+6=(x+2)(x+...)
x*=3x+2=(x-2)(x-..)
x* —2x-8=(x+2)(x—-..)
X* +4x-12=(x-2)(Xx+...)

X* =x—20=(x+4)(...

p’+9p+20
a’+1la+24
x? +13x +36

(@ 8a+12 (b)
(c) 12p-36 (d)
(e)  bg+2bf )]
(@9 a*+2a (h)
(i) 12p*-6p ()
(K 39°+29 ()
(m)  8a?+12ab (n)
(0) a'’*-a’h’ ()
@ 29-69° (r)
2. Factorise the following.(Grouping factors)
@ a(x+y)+2(x+y) (b)
() a(x—y)-x+y (d)
() 4a’(y-3)-6a’(y-3) (
(99 3a+ab+3c+bc (h)
(i) a*-3a’°+ab-3b )]
(K)  2xy* +2+y° +4x )
(m) ax+ay+bx+by (n)
(0)  6x*-9x*—-2x+3 (p)
3. Factorise the following.(Common factor - exponent)
(@  4m*-2m? (b)
() e+ (d)
(e) e4m +eZm
4. The following questions are partially factorised, complete the missing factor.
(@ X +3x+2=(x+2)(x+..) (b)
(€ X*+7x+12=(x+3)(x+..) (d)
() X*-7x+10=(x-5)(x—...) (f
(@ X +2x-35=(x+7)(x-..) (h)
(i) X*=2x-15=(x+3)(... ... ... ()
(k)  x*=10x+9=(Xx=1)(... ... ... ()
5. Factorise these trinomials.
(@ a*+7a+6 (b)
(c) a’-10a+24 (d)
() x*-15x+36 ()
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(9 x*+16x-36 (h)  2x*+5x-3

(i)  3x*-11x+6 () 4x*+25x-21
(k) 6x*-x-1 ()  4a?-12a+5
(m) 5y*+13y-6 (n)  3b*+14b-5
(0) 10x*+9x-9 (P)  30m*-37m+10
(@ 6a*-47a+77 () 8x*+2x-15

. Factorise the following by using the difference of squares method.

(@ b*>-49 (b) 81-x?
(€)  4b>-49 (d)  9x* -4y’
(€)  4a?—25h? M (x+1)° 49

. The following questions can be factorised by the perfect square method. Factorise the following by using
the perfect square method or alternatively, factorise as trinomials.

(@ a?*+14a+49 (b)  x*-12x+36
() b*-22b+121 d)  4x®*+4x+1
() 25a*-20a+4 ()] 4x% +28x+49

. Factorise the following by using the sum or difference of cubes method.

(@ b*-8 (b)  64-x°
() 8v*-125 d) x*-8y°
(e) 27x®-1250° (f)  64x°-1000

. Factorise the questions below, one or more of the skills above is required.

(@ 6x*-33x+36 (b)  48x%—3

() x*+2x*-3 (d) (x—y)z—(x+y)2
(&) x*+6x+9-y? )  x*+3x*—xb?—-3b?
@  (x+y) +2(x+y)+1 (h)  a’-9-4ac+12c

(i)  5m’-m’-20m+4 G)  x°-1

(K)  4xPy? —x* —4xy—4y? ) 2(2a+1)2—8(a—2)2
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Topic 3: Algebraic fractions

Simplifying fractions can only be performed when there is a common factor both in the numerator and
denominator. Remember factors are numbers or terms that multiply.

For example: In the fraction ;()thhere is a common factor of 5 and a in both the numerator and
ac

denominator.
5ab

20ac

_ B'xalxb

_20/4x&1xc
b

T 4c

x?+1

In this example, there is no common factor in both numerator and denominator so it cannot be

simplified. However in some situations, the division could be performed.

Simplifying
3t-12 m?n —4mn
3t m-—4
_A(t-4) mn (m—<7)
Bt =
:ﬂ mn
t =——=mn
1
4m?n—16n 6a’bc + 3ab?c —9abc?
8mn 15abc
AR (m?-4) _ .35C(2a+b—3c)
T ' "18 2
m’—4 _ (m-2)(m+2) _2a+b-3c
= or
2m 2m 5
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3-x x*+5x+6
X—3 E—
X+3

You may recall 3-x = -(x-3)

g (x+2) (x+3)
= Ml }/‘F/g
_ =X+2

x?=3x-10 x> +4x+3

5-—x X2 +2x-3
_ (x+2)(x-9) factorise each trinomial

—(x-9) (x+1) (x+3)
=—(x+2) or —x-2 :W

_x+1

x—1
x> —4 22 +7t-4
X% —2x 6t? +5t—4

(7Y (x+2) (=T (t+4)

X (x~2) (2t=T) (3t +4)
X+2 t+4
T x T 3t+4

Adding and subtracting

When adding or subtracting fractions, it is essential that each fraction is expressed with a common
denominator. This could be summarised by this expression:

a ¢ ad+bc

b d bd
or

a ¢ _ad-hc

b d bd

However, there are times when a smaller common denominator is possible, for example:
11 2+1 3 1 2 5 445 9

36 6 6 2 m 2m 2m 2m
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Examples:

1,35 .6xistheL.CD.
3X

X 2X

y-4
S
_10y-(y-4)

5

if the numerator contains more than 1 term
- put numerator in brackets
_10y-y+4
=
_9y+4
T 5

§+iz % is the L.C.D.

X X

2ax+3
= 2

X

4 1
2x-3 Xx+7
_A(x+7)-1(2x-3)
C(2x=3)(x+7)
_ AX+28-2x+3
C(2x=3)(x+7)

_ 2x+31

T (2x=3)(x+7)
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3x-3 4 4x x-1 3-2x

X2 —6Xx+5 5-X X —x—30x X2 +5xX  x—6
_ 3M 4 _ 4x _ x-1 +3—2x
_M(X_5) —(x-5) X(X+5)(x—6) x(x+5) x-6

3 4 _Ax—(x=1(x-6)+(3—2x)x(x+5)
=x_—5+x_—5 X(X +5)(x —6)
7 _Ax—(X* = 7x+6) +(-2x° —7x* +15X)
~ x-5 X(X+5)(X —6)

_AX—x2+7x-6-2x° —7x* +15x

- X(X+5)(x—6)

_ —2x° 8%’ +26x-6 —2(x® +4x* -13x+3)
© X(X+5)(x—6) X(X+5)(x—6)

Page 34



Multiplying and dividing

When multiplying and dividing fractions, just follow the same logic as for numbers. Simplifying before or
after multiplying.

Multiplying Dividing

Examples:
L2ath Sac 3.4
12a’*h 5ac 4 b’ ab b
o _60a’b'c” _3 ¥
)yz/3 Z-b- 5 4b301 aH 4a
2 /(1a x af; or =15a%?* " ¢t _ e
3 - 2
lsaat‘ 'b_ =15 a3b—2 CO 43.
=2 154°
b = b?

2x2+x—6xx2+6x+9 y’—y 4y’ +8y+4
X*+3x  X*+5x+6 vy -1 yl-y-2
_@x-9Tewd) (e _ Yy-)  yi-y-2
X(xF3) (k) (x43) (y-D(y+1) 4y*+8y+4
23 __ YT (-2
X (DD Ay+1)°
_yly-2
Ay +1)°
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Solving complex fractions

Complex fractions are fractions where the numerator and denominator are written as fractions. The example
below is considered complex because of the numerator.
1

~-a
a

1-a

There are many methods to solve this, but generally it is helpful to rewrite this from fraction form into a
form containing a + sign.
1
(2-a)+a-a)

Now the numerator can be written with a common denominator. The division (<) can be changed into a
multiplication provided that it is a single fraction.

=

This can now be simplifying using all the algebra knowledge available.

=
_ (4] (1+a)
a(l—4)

_1l+a
a

Example:

[x+3 j ( xiBj
[1 (x+3)j [(x+3)+1j
X+3 X+3
55 65)
_2-X X3
X3 x+4
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Example:

_(6x—lj4(x(x+2)+x)
2x ) X+2
6x-1 X+2

X

2x x> +3x
_ (6x=1(x+2)

2x2(x+3)

The video below covers some examples similar to those above. Click on the image below to start
downloading the video. Depending on your internet connection, this may take a minute or two.

ﬁ Video ‘Algebraic Fractions’
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Activity
1. Simplify the following

6a’bc
a -
@ 3ab’®
10-2t
C
(c) o
©) 3x’y-12y
X—2
9-3x
(9) 3%_9
() x?+2x-15
2x* +7x-15
(k) X2 +10x + 25
x?—25

(b)

(d)

(f)

(h)

@)
(1

12ab
a’c

a’b—ab?
a-b
4x°yz —6xy°z + 2xyz°
2Xxy

x? +2x-15
3—X

4t* —36

t? -3t

6+7x—3x>

3X>—x-2

2. Perform the addition or subtraction. Simplify as much as possible.

0 &

© o
B 2(x5+2)+3(44—x)
O e
k) 1 4 5

3 + N
X*=9x x-3 x+3

3. Simplify the following

@ 7a’b y 2ac
5c  b?
© 3x+9 " 10
5 X+3
X2 —4x X’ +4x+4
(e) X

x?—4 x*-2x-8

(b)

(d)

(f)

(h)

@)
(1)

(b)

(d)

(f)

16x7y’z"  x*

n 2
_+_
m 3m
1 2 1
— +—+=
X° 4x 5
X—2 X+1

4 3

2 y+2
y

y

x—3 2(2x+1)
X2 —4x-5 2x*-11x+5
x? —5x 4x* -1

2 + 2
2X°+7Xx+3 x°-2x-15

4a°b L2a
3¢ 3b

2
5x 2

X +3x+2  2x*+8x+8

Xe—Tx+12  X2+7X+6
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4. Simplify the following

(@)

, 1

X

% s
X

(b) X=2
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Topic 4: Binomial expansions

Let’s consider the following expansions using a simple binomial. The expansions are written to clearly show
the coefficients of each term.

(a+b)’ =1
(Any expression to the power of 0 gives 1)

(a+b) =la+1b
(a+b)’=(a+b)(a+b)=1a’+2ab+1b’
(a+b)’=(a+b)(a+b)(a+b)=1a%+3a’h +3ab* +1b°
(a+b)' =(a+b)(a+b)(a+b)(a+b)=1a*+4a% +6a’b® + 4ab® +1b*

(a+b)’ =(a+b)(a+b)(a+b)(a+b)(a+b)=1a°+5a’b+10a’h* +10a’b® +5ab* +1b°
etc.

By observation, you notice that the first term a of the binomial expands to the powers shown (which gets
smaller with each term).

(a+b)® =1a° +5a'b +10a’b? +10a’b’ +5a'b* +1b° or (1a°b®)
exponent of a goes 5 4 3 2 1 0 (a’=1)

Also, the second term b of the binomial expands to the powers shown (which increases with each term).

(a+b)* =1a°b’ +5a*b’ +10a°b* +10a’b’ +5ab”* +1b°
exponent of b goes 0 1 2 3 4 5

Also, in the expansion, you notice that the sum of the exponents in each term is always equal to the value of
the exponent the binomial expanded to.

For example:
( a+b )5 —1a°p° 95 L 5g%pt 15 1 10a%p? 2 110a2b® %% 15ap* 49 L 13%° (o+5:5)§

Now continuing this pattern, we know that;

(a+b)®=Ca’%°+C,a%h' + C,a’b* + C,a’n® + C,a’h* + C,a'h® + C.a’h°
where C; to C7 are coefficients of each term.
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Let’s look at the coefficients used so far;

1
11
121
1331
14641
15101051

The coefficients form a triangular structure. This is called Pascal’s Triangle. The first and last number in
each line of the triangle is 1. Each new line in the triangle is formed from the previous one.

1
Adding a new row VVVVV
6

Now the expansion can be completed:

(a+b)° =1a’h’ + 6a°b" +15a’b” + 20a’n® +15a°b* + 6a'b’ + 1a°b°
=a° +6a’h +15a‘b* + 20a’b® +15a°b* + 6ab’ + b°

Continuingonto (a+b)’

Step 1: Obtain the next line of Pascal’s Triangle.
1510105

V'V
61

ol

S <<
<
<w

N <~
<
<
< o
S )

1
Adding a new row \

(a+b)Y=1 7 21 35 35 21 7 1
Step 2: Put in the powers from the first term of the binomial.
(a+b) =1a’ 7a® 21a® 35a* 35a° 2la®* 7a' 1a°
Step 3: Put in the powers from the second term of the binomial.

(a+b) =1a’d® 7a’v' 21a°®* 35a'h® 35a’®* 21a*h®  7a'b®  1a%b’
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Step 4: Put in addition signs and simplify:

(a+b) =a’ + 7a’0 + 21a’w* + 35a’® + 35a’h’ + 21a’b® + 7ab® + b’

If the binomial is more complex, this method will still work; however, more care with simplifying is
required.

Example: Expand (2a+5)° using Pascal’s Triangle

Step 1: Obtain the appropriate line of Pascal’s Triangle.
1510105 1

(2a+5)P=1 5 10 10 5 1

Step 2: Put in the powers from the first term of the binomial. The first term should be put in brackets so that
the coefficient of a is also raised to the exponent. For example: (2a)5 =323’

(2a+5)°=1(2a)° 5(2a)’ 10(2a)’ 10(2a)’ 5(2a) 1(2a)
Step 3: Put in the powers from the second term of the binomial.
(2a+5)° =1(2a)’(5)° 5(2a)'(5) 10(2a)’(5)" 10(2a)°(5) 5(2a) (5)" 1(2a)’(5)

Step 4: Put in addition signs and simplify:
(2a+5)° =(2a) +5(2a)' (5) +10(2a)’ (5)" +10(2a)’ (5)° +5(2a) (5)" +(5)
=32a° +(5x16x5)a’ +(10x8x25)a’ +(10x4x125)a’ +(5x 2x 625)a + 3125
=32a° +400a* + 2000a® +5000a’ + 6250a + 3125

5

In this example, the binomial consists of a subtraction. The process outlined is the same but even more care
taken when simplifying.

Example: Expand (x—3)* using Pascal’s Triangle
Step 1: Obtain the appropriate line of Pascal’s Triangle.
14641
(x=3)'=1 4 6 4 1

Step 2: Put in the powers from the first term of the binomial.
(x=3)* :1(x)4 4(x)3 6(x)2 4(x)1 1(x)0

Step 3: Put in the powers from the second term of the binomial.

(x=3)'=1(x)"(-3)" 4(x)"(-3) 6(x)'(-3)" 4(x)(-3)" 1(x)'(-3)
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Step 4: Put in addition signs and simplify:
(x-3)" :1(x)4 +4(x)3 (—3)1 + 6(x)2 (—3)2 +4(x)1(—3)3 +1(—3)4
= X" +(4x=3)x>+(6x9) x> +(4x-27)x +81
= x* —12x> +54x* -108x + 81

For example: Expand ( x* —3)° using Pascal’s Triangle

Step 1: Obtain the appropriate line of Pascal’s Triangle.
1510105 1

(x*-3)P°=1 5 10 10 5 1

Step 2: Put in the powers from the first term of the binomial.
(-3¢ =1(x2) 5(x*)" 10(x) 10(x}) 5(x*) 1(x*)

Step 3: Put in the powers from the second term of the binomial.

(-3¢ =1(x) (-3 5(x*)'(-3) 10(x*)(-3)° 10(x*)

Step 4: Put in addition signs and simplify:

(x*-3)° :l(x2 )5 (—3)0 +5(x2 )4 (—3)l +10(x2 )3 (—3)2 +1O(x2)2 (—3)3 +5(x2 )1(—3)4 +1(x2)
=x" +(5><—3) X +(10><9) x° +(10><—27) x* +(5><81) x? +(1><—243)
= X% —15x® +90x® — 270x* + 405x” — 243

. 12 . ey . . . .
If the question (a + b) was given, writing Pascal’s triangle to give the coefficients required would be long
and tedious. Another way of getting the coefficients is to use the mathematical idea of a combination.

In a combination, the order objects are drawn is not important. In lotto, you need 6 winning numbers out of
45 to win. The order they are drawn is not important. This is an example of a combination.

From a class of 5 students, 2 students are selected to represent the class at a forum. If the 5 students are
represented by the letters A, B, C, D and E, then all the combinations containing two students are: AB, AC,
AD, AE, BC, BD, BE, CD, CE and DE, giving 10 choices. Notice BA was not listed because it is the same
as AB, and order is not important.

The number of combinations when r objects are selected from n objects is given by the formula:

n!
nC - -
" orix(n-r)!

"C, is shorthand for when r objects are selected from n objects

n! means n factorial. The factorial of a number is the product of all the natural numbers up to and including
the number. There is a special case that does not fit this definition; 0! = 1.
S!'means5x4x3x2x1=120
nl'meansnx (n-1) x (n-2) ... x3x2x1
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For the example above: n=5 and r=2

n n! n n!
Cr_r!x(n—r)! Cr_r!x(n—r)!
5! 51
21x(5-2)! 21x(5-2)!
=5><,4/2><3§i~><l or :5><,4/2><\3\!\
Z x1x 3% Zx1x 3¢
10 10
1 1
=10 =10

Now this knowledge of combinations can be used to obtain the coefficients instead of Pascal’s Triangle.

Expanding (a + b )® would give:
(a+b)’ =°C,a%° + °C,a’b' + °C,a%? + °C,a’h? + °C,a%b* + °C.a’h® + °C,a’h® + °C.a'b’ + °C,a’b*
| | ] | I | | | I
_8 al+ 8! a’b+ 8! a’b? + 8 a’h’® + 8! a‘b* L a’h® S a’b® L ab’ ;8 b®
0!8! 171! 216! 3151 4141 513! 6!2! 71! 810!
=a’+8a’'b+28a°h* +56a°b® + 70a‘b* +56a°b°® + 28a°b°® +8ab’ +b°

Expanding (5— 2X)4 would give:

(5-2x)" = “Cy (5)" (=2x)° + *C, (5)° (=2x) + “C, (5)" (=2x)" + “C, (5)' (=2x)* + *C, (5)’ (-2x)*
= M o5 125k 2wt 25 (<2) K 4 B (<2) Xt (~2) X
014! 113! 2121 311!

=625-1000x +600x* — 160x° +16x*

In summary:
(a+b)" ="C,(a)" (b)O + nCl(a)”‘l(b)1 +"C, (a)”‘2 (b)2 + ot ”Cnfl(a)l(b)"_l +"C, (a)° (b)"

Any term can be expressed generally as: T,,, = "C, (a)"fr (b)r

2

For example: The third term in (a+b)’ is T, ="C,(a)" " (b)’ = *C,(a)" (b)

e The coefficients "C, are the values from the relevant row of Pascal’s Triangle

e The power of a decreases by one and the power of b increases from left to right
e The sum of power a + power b is equal to n for each term.

Determine the 3 term of (2—3x)’

In the 3 term of (2—3x)g, n=9andr =2, so the 3 term is;

9-2 2 9!
°C,(2) " (-3x) :ﬁ128x9x2:41472x2

Calculate the coefficient of x* in the expansion of (3x—1)g
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By considering the powers of x in the expansion of (3x—l)g , the term containing x* can be
determined using the general term. From the general termwe known—r =4,so0 9 —-r =4,
giving r=>5 —it is the sixth term.

It is also possible to perform this intuitively, as the powers of X will go

X2 xE x", x8 e, xh X% is the sixth term.
_ |
The sixth term is; T, = °C, (3x)" " (-1)° LY x(~1)° x* =126 x81x ~1x* = ~10206x"*
5141
5
1
Expand (Xz +—j
X

Because the exponent here is only 5, the Pascal Triangle coefficients are either known or easily
determined.

1Y 5(1) a(1Y s(1Y 2(1Y (1Y o(1Y
X2+= | =2(x®3) =] +5(x%) | = | +10(x?) | = | +10(x?) | = | +5(x*) | =] +1(x?) | =
03 ) =107 (3] st (5 000 (5 o0 (3] s (5] a0 (5]
=x +5x8 (1) +10x° (iz} +10x* (%} +5x? (%} + (isj
X X X X X
:x1°+5x7+10x4+10x+£+

X2 x°

The video below covers some examples similar to those above. Click on the image below to start
downloading the video. Depending on your internet connection, this may take a minute or two.

ﬁ Video ‘Binomial Theorem’
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Activity

Expand using Pascal’s Triangle

(a) Expand (x+3)4
(b) Expand (2x—3)6
1 4
(© Expand (x+7j
(d) Expand (2a-b?)
(e) Find the 4" term in (x—4)8
11
(f) Find the 5" term in (%+§j
3 X
(@) Determine the Coefficient of x° in (2x—1)10
(h) Determine the Coefficient of x* in (7—3x)7
1 10
(i) Determine the Coefficient of x? in (xz +—j
X
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Answers to activity questions
Multiplying and dividing

1. Expand the following, collect like terms if possible.

@  3(9-2x) (b)
=27 —-6X

(©  4x-3(x-4) (d)
=4x—-3x+12
=x+12

()  75-4(2x*+x-6) U
=75-8x* —4x+24
= —8x* —4x+99

2 Expand the following, collect like terms if possible.

(@) a(3a-4b+1) (b)
=3a’-4ab+a

C d

© p2£2p+4+gj @

p

=2p°+4p°+5p

(e) ()

~4x(9-X)-Z(4-x)

36X+ 4X2 — 242

_ax? —351x-2
2
3 Expand the following, collect like terms if possible.
@  (2a-1)(4b-3) (b)
= 2a(4b—-3)—1(4b-3)
=8ab—-6a—-4b+3

Numeracy

1

§(4X2_X_9)
:2)(2 _lx_g
2 2

or 2x>-05x-45

2(x2 +x+4)+3(x+6)—(x2—2x+9)
= 2X? +2X+8+3x+18—x* +2x-9
=X +7X+17

4(x+4y)-5(x-2y+1)+2(x-3)
=4x+16y-5x+10y-5+2x-6
=X+26y-11

4ac(b+2c-7)

= 4abc +8ac? — 28ac

x(x2 +4x—1)—3(x2 +1)
=x*+4x° —x-3x* -3

=x+x*—x-3

3;‘;((6x3 +5%x% — x+4)

(3x—-2)(y+4)
=3xy—2y+12x—-8

Student Learning Zone | +612 66269262 | learningzone@scu.edu.au | scu.edu.au/learning-zone
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(©)

(€)

(9)

(i)

(x+3)(x-2)

=x’+Xx—6

(x-a)

=x*>-8x+16

(x—2)(x+2)
= x> —2X+2x-4
=x?-4

)3
2)(x~2)(x-2)

(
( )(x —4x+4)

<o
r\>

—4x* +4x—2x*+8x—-8
—6x*+12x-8

4. Perform the following divisions.

(a)

(X —4x+11) +(x+4)

X — 8+£

X+4
x+4ix2—4x+11

- Xax
—-8x+11

- —8x-32
43

(b)

(d)

(f)

(h)

()

(x—4)(2x+1)
=2x?—7x—4

(2x=3)(7-x)
=14x—2x*-21+3x
=-2x*+17x-21

(2x+1)(x—-3)(x+2)
=(2x+1)(x2 —x—6)

=2x° = 2x* —12X+ x> —x—6
=2x°—x*-13x-6

4(2x-1)(X* +7x+5)

=4(2x° +14%* +10x— X* —7x—5)
=4(2x° +13x* +3x—5)

=8x> +52x* +12x - 20

(x3 +4x? +x—6)+(x—1)

x* +5x+6
x—1>x3+4x2+x—6
- X¥=x2

5X*+X

- 5x®-5x
6X—6

- 6x-6

0
x3+4x2+x—6)
(x—1)(x2+5x+6)
=(x-1)(x+2)(x+3)

—
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(©  (2¢°-5x" -14x+8)+(2x-1)

x° —2x-8
2x—1>2x3—5x2—14x+8
-2 -x2 4l
—4x% ~14x
- —4X° +2x
-16x+8
- -16x+8
0

2x* —5x*—14x+8
= (2x-1)(x* —2x-8)
=(2x-1)(x—4)(x+2)

Factorisation

1. Factorise the following.
(a) 8a+12=4(2a+3)

(c) 12p-36=12(p-3)

(e) bg+2bf =b(g+2f)

(@) a’+2a=a(a+2)

(i) 12p°-6p=6p(2p-1)

(k) 39°+29=9(3g+2)

(m) 8a’+12ab=4a(2a+3b)

(0) a'b’-a’h’=a’h’(a-1)

(@) 29-69°=-29(1+3g)
2. Factorise the following.(Grouping factors)
(a) a(x+y)+2(x+y)

=(x+y)(a+2)

©  a(x-y)-x+y
=a(x-y)—(x-y)

=(x-y)(a-1)

(b)
(d)
()
(h)
@)
()
(n)
(p)
(r)

()

(d)

6x—-12=6(x—2)
7a-2lb=7(a-3b)
14a+24b = 2(7a+12b)
6x—6x” =6x(1-X)
14a-21a’ =7a(2-3a)
12a—-20a’ =4a(3-5a)
9ax’® —12a’x = 3ax(3x—4a)
7a’h—49ab* =7ab(a-7b)
T4x° - 24x = —4x(x2 +6)

3(x+ y)2 +2(x+y)

(x+y)[3(x+y)+2]
=(x+Yy)(3x+3y+2)

3a(x—y)-2(y—x)
=3a(x-y)+2(x-y)
=(x-y)(3a+2)
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€)

(9)

(i)

(k)

(m)

(0)

3.

(€)

a*(y-3)-6a°(y-3)
=2a’(y-3)(2a-3)

3a+ab+3c+bc
=a(3+h)+c(3+b)
=(3+hb)(a+c)

a’-3a*+ab-3b
=a’(a-3)+b(a-3)

=(a—3)(a2 +b)

2Xy% + 2+ y? +4x
=2Xy? + y? +4x+2
=y*(2x+1)+2(2x+1)
=(2x+1)(y* +2)

ax+ay +bx+by
=a(x+y)+b(x+y)
=(x+y)(a+h)

6x° —9x* —2x+3
=3x*(2x—3)—(2x-3)
=(2x-3)(3x*-1)

()

(h)

@)

(0

(n)

(P)

3(p+q)°—6(p+q)
=3(p+a)[(p+a)-2]
=3(p+a)(p+q-2)

a’+3a—-ac-3c
=a(a+3)-c(a+3)

=(a+3)(a-c)

Xy +1-x2y -y
=X’y =X’y -y +1
=x*y(y-1)-1(y-1)
=(y-1)(x’y-1)

12x% + x°y —4x%y —3x*
=12x% —4x3y —3x* + X’y
=4x*(3-y)-x*(3-y)
=(3- y)(4x3 —x2)

=x*(3-y)(4x-1)

4%x* + x—12ax—3a
= x(4x+1)—-3a(4x+1)
=(4x+1)(x—3a)

2a’b—2a—b+ab?
=2a’h—2a+ab’-b
=2a(ab-1)+b(ab-1)
=(ab-1)(2a+h)

Factorise the following.(Common factor - exponent)

4m* —2m? = 2m’? (2m2 —1)
e +e* =e*(e+1)

eAm +e2m _ eZm (eZm +1)

(b)
(d)

n+2

X2 4 x"2 = x"2 (x4 +1)

er _ e—2x _ e—2x (e4x _1)

4. The following questions are partially factorised, complete the missing factor.

(@)
(©)
(€)
@)
(i)
(k)

X +3x+2=(x+2)(x+1)
X +7x+12=(x+3)(x+4)
x> —7x+10=(x— 5)(x-2)

(b)
(d)
(f)
(h)
@)
(1)

x* +5X+6=(x+2)(x+3)
X* =3x+2=(x-2)(x-1)
x*—2x-8=(x+2)(x-4)
X’ +4x—-12=(x—-2)(x+6)
x? —x—20=(x+4)(x-5)
X* +15X+56 = (X+7)(x+8)
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5. Factorise these trinomials.

28+(-3)=25, 28x(-3)=-84
4x* +28x—3x—21=4x(x+7)=3(x+7)
=(x+7)(4x-3)

-10x-2=20
4a® -10a-2a+5=2a(2a-5)—(2a-5)
=(2a-5)(2a-1)

15+(-1)=14; 15x(-1)=-15
3b*+15b—b-5=3b(b+5)—(b+5)
=(b+5)(3b-1)
30m? —37m+10;ac = 300,b = 37
—25+(~12)=—37; —25x—12=300
30m* —25m-12m+10 =5m(6m—5)—2(6m—5)
=(6m-5)(5m-2)

12+(~10)=2; 12x(-10)=-120
8x* +12x —10x—15 = 4x(2x+3)—5(2x - 3)
=(2x+3)(4x-5)

9x* —4y? =(3x—2y)(3x+2y)
(x+1)" =49 =[ (x+1)=7|[(x+1)+7]
=(x—6)(x+8)

(a) a’+7a+6=(a+6)(a+1) (b) p’+9p+20=(p+4)(p+5)
©  a’-10a+24=(a-6)(a-4) (d  a’+lla+24=(a+8)(a+3)
(e) x* —15x+36 = (x—12)(x—3) () X* +13x+36 = (x+4)(x+9)
@  x*+16x-36=(x+18)(x-2) (h) 2x% +5x—3=(2x-1)(x+3)
() 3x*-11x+6=(3x-2)(x-3) () 4x’ +25x~2L;ac = ~84,b = 25;
(k) 6x> —x—1=(3x+1)(2x—1) () 4a® -12a+5;ac = 20,b = -12
-10+(-2)=-12;
(m) 5y +13y —6;ac = —30,b =13 (n) 3b? +14b-5;ac =—-15,b =14
15+(-2)=13; 15%(-2)=-30
5y* +15y -2y -6 =5y(y+3)-2(y +3)
=(y+3)(5y-2)
(0) 10x2 +9x—9;ac =-90,b =9 (p)
15+(-6)=9; 15x(-6)=-90
10x* +15x —6x —9 =5x(2x+3) —3(2x+3)
=(2x+3)(5x-3)
() 6a’ —47a+77;ac = 462,b = —47 (n 8x* +2x—15;ac =-120,b =2
~14+(-33)=-47, -14x(-33)=462
6a’ —14a—33a+77=2a(3a-7)-11(3a-7)
=(3a-7)(2a-11)
6. Factorise the following by using the difference of squares method.
(a) b’ -49=(b-7)(b+7) (b) 81-x" =(9-x)(9+X)
©  4b*-49=(2b-7)(2b+7) (d)
(€)  4a*-25b° =(2a-5b)(2a+5b) (f)
7. The following questions can be factorised by the perfect square method. Factorise the following by
using the perfect square method or alternatively, factorise as trinomials.
@ a’+l4a+49=(a+7)’ (b))  x*-12x+36=(x-6)"
(€) b*-22b+121=(b-11)’ (d)  4x°+4x+1=(2x+1)’
(€) 25a°-20a+4=(5a-2) () 4x*+28x+49=(2x+7)’
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8. Factorise the following by using the sum or difference of cubes method.
@  p*-8=(b-2)(b*+20+4) ®)  64-x*=(4-x)(16+4x+x’)

(c) 80° —125 = (2b—5)(4b” +10b + 25) (d) x* —8y® =(x—2y)(X* +2xy +4y*)
(&) 27x°*-125b° = (3x—5b)(9x* +15bx + 25b%) () 64x° —1000
= (4x~10)(16x’ +40x +100)

9. Factorise the questions below, one or more of the skills above is required.

(a) 6x? —33x+36 (b) 48x% -3
=3(2x* ~11x+12) =3(16x* 1)
=3(2x-3)(x—4) =3(4x-1)(4x+1)

(c) X' +2x* -3 (d) (x—y)z—(x+y)2
=(x+3)(x"-1) =[(x=y)+(x+ ) [(x=y)=(x+)]
:(x2+3)(x—1)(x+1) =(2x)(-2y)

=—4xy

() X? +6X+9—y? () x® +3x% — xb? —3b?
= (x+3)" - y? =Xx*(x+3)—b*(x+3)
=[(x+3)-y][(x+3)+Y] = (x+3)(x*-b?)
=(x-y+3)(x+y+3) =(x+3)(x—b)(x+b)

(9) (x+y)2+2(x+ y)+1 (h) a®—-9—4ac+12c

= A>+2A+1 where A=x+y =(a+3)(a-3)-4c(a+3)
= (A+1)’ =(a+3)[(a-3)-4c]

:(x+y+1)2 =(a+3)(a—-4c-3)
() 5m® —m?—20m + 4 () Xt —1
=m?(5m-1)—4(5m-1) =(x3—1)(x3+1)

=(5m-1)(m* - 4)
=(5m-1)(m-2)(m+2)

(x—l)(x2 +x+1)(x+1)(x2 —x+1)

(k) ax?y? —x*—4xy-4y? (1) 2(2a+1)°" -8(a-2)’
=4x?y? —(x+2y)’ =2[(2a+1) -2*(a-2)’
= (2xy)" = (x+2y) ~2[(2a+1)-2(a-2)][(2a+1)+2(a-2)]
=[2xy-(x+2y) ][ 20+ (x+2y)] = 2AS)da-3) =10@4a-3)

=(2xy —x—2y)(2xy + x+2y)
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Algebraic fractions
1. Simplify the following

(a) 6a’bc _ 2ac (b) 12ab _12b
3ap’ b a’c  ac
©  10=2C it not simplify @ ap_ap? ab(a~b)
5t = =ab
a-b a<b
(€) 3x’y-12y 3Y(X2 —4) (f) 4x*yz - 6xy’z +2xyz* _ 2x72(2x-3y+12)
X—2  X=2 2xy %
3yM(x+2) =27(2x-3y+1)
- 1
=3y(x+2)
(g) 9—3X=_3(X—3) (h) X2+2X_15_(X+5)M
3x-9  3(x-3) x| _
=1

=—(x+5)

(1) x+2x-15  (x=3) (x+5) 0 4236 4(1-3)(t+3)

2x2+7x—15_(2x_3)w t2 -3t tM

_ x-3 _4(t+3)
2x—3 ot
W eitoxs25  (x+5) O earx—ae -3 (x-3)
X*=25  (x-5)(x+5) I -x-2  (3x+7) (x-1)
_X+3 _=(x=3)
x-5 T ox-1
_3-x
S x-1
2. Perform the addition or subtraction. Simplify as much as possible.
@) i+g_4n+2m (b) £+i_3n+2
m n mn m 3m  3m
© 2_ %_si - _23_12 = 2203 @ 1 2 1 _10+5x+2¢
xoom o * x x> 4x 5  10x’
(€) 3, X _3(x=2)+x(x+2) (f) Xx-2 x+1 3(x=2)-4(x+1)
X+2 Xx-2 (x+2)(x-2) 4 3 12
X" +5x-6 _—x-10
T (x+2)(x-2) 12
_(x+6)(x-1)
_(x+2)(x—2)
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(9) 2(x+2) 3(4-x) 8(x+2)+15(4-x)
5 4 20
_ —TX+76
- 20

() 2-X 3 (2-x)+3(x-4)
+ =
x*=16 x+4  (x—4)(x+4)
~ 2x-10
B (x—4)(x+4)
) 1 4 5

x3—9xJr Xx—3 Xx+3

~ 1+4x(x+3)—5x(x-3)

B x(x=3)(x+3)

_ X% +27x+1
x(x=3)(x+3)

3. Simplify the following
(@) 7a’b  2ac _ 7a’hc
5c  b*> 5b%
_ l4a®

5

© 3x+9 10 30(x+3)
5 x+3 SM
=6

(h)

@)

(1)

(b)

(d)

y2_y+2: ys_(y+2)

y y
Cy-y-2
y

X—-3 2(2x+1)

X2 —4x—5 2x%—11x+5
X—3 4X+2

(x=5)(x+1) (2x-1)(x-5)
(x=3)(2x-1)—(x+1)(4x+2)
(x=5)(x+1)(2x-1)

o =2x2—13x+1
(x=5)(x+1)(2x-1)

x? —5x 4x* -1
2 + 2
2X°+7Xx+3 x°—-2x-15
x(x~5) 4%* -1

(2x+1)(x+3) " (x—5)(x+3)

_ x(x—5)(x—5)+(4x2 —1)(2x +1)
(2x+1)(x—=5)(x+3)

(x3 —10x* + 25x)+(8x3 +4x°7 - 2x—1)

(2x+1)(x=5)(x+3)
9x® —6x* +23x -1
(2x+1)(x—=5)(x+3)

4’ 2a_4a’b 3p
3c 3b 3¢ 2a
_12a’h?
~ 6ac
_ 2ab?
o

2,,25,4

16x°y“z
5X

L X lexty’z’ 2

25X X°
_ 32x%y’z?
S
_32y?*z*
~5X

Page 54



(e) x? —4x X2 +4x+4 (f)
x? —4 x> —2x-8

K] v 2)-
~2) v 2y (1) 2}

4. Simplify the following

@ ,.1 (b)
_ X
2

Binomial expansions

1. Expand using Pascal’s Triangle

(a) Expand (x+3)'

X*+3x+2 2x*+8x+8

X2 —7x+12 X2 +7x+6
X2 +3x+2 X +T7X+6

"X —7x+12 2x2+8x+8
~ (x+1)(x+2) y (x+6)(x+1)

C(x=3)(x=4) 2(x+2)
_ (x+6)(x+1)°

2(x+2)(x-3)(x—4)

T X—2 5x+9
_ (x+l)(x+2)

(x—2)(5x+9)

(x+3)4 =1x" +4x°(3)+6x’ (3)2 +4x(3)3 +1(3)4

=x*+12x® +54%% +108x + 81

(b) Expand (2x—3)6

(2x-3)° =1(2x)° +6(2x)" (=3) +15(2x)" (-3)" +20(2x)’ (-3)’ +15(2x)" (-3)" +6(2x)(-3)’ +1(-3)

6

=64x% —576x° +2160x* —4320x> + 4860x* — 2916 + 729

1 4
(©) Expand (x+7)

(d) Expand (2a-b?)
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(€)

(f)

(9)

(h)

(i)

(2a-b?)" =1(2a)° +6(2a)°(~b?) +15(2a)" (-b?)" + 20(2a)’(-b?)’ +15(2a)’ (~b?)" +6(2a)(~b?)" +1(-b?)

=64a® —192a°h? + 240a*b* —160a°h® + 60a%h® —12ab™ +b'?
. . 8
Find the 4™ term in (x—4)

Ta="C, (a)nfr (b)r

_ |
T,="Cy(x)" (-4) :%XS (~64) == O pux® — —a5ax
11
Find the 5" term in (QJFEJ
3 X
T.u="C.(a)"" (o)
2 11-4 3 4
w-e(3) (3
a7l 3 ) (x
g0, 1280 314080

Determine the Coefficient of x* in (2x—1)10

The x® term is the 6 term (n —r =5, as n = 10, r=5, it is the 6" term)
Ta= nCr (a)ﬂ—f (b)r

To=""Cy(20)" " (-1

10!

=— 32x°

515!

=-252x 32X’

=-8064x°

Determine the Coefficient of x® in (7—3x)7

The x* term is the 4" term (as r=3, it is the 4™ term)

T.="C (a)nfr (b)

r

T,="C,(7)" " (-3x)’

:%(2401)(—27#)

=-35x2401x 27x* = -2268945x%°

Determine the Coefficient of x in (x

2

The x* termisthe 7" termasr =6

T.="C (a)nir (b)

r

+ =
X

i

Futher explanation regarding finding the x> term when both terms of the binomial
have an x term that will be raised to another power. To do this you will create an
equation where the sum of the products of the individual x term exponents and the
exponent for the binomial must equal the exponent in your desired term (2 in this
case).

In this case the first term already has an exponent of 2 and will be raised to the
power of (n-r) , while the second term has an exponent of -1 and will be raised to
the power of ». When the resulting exponents are added they must sum to 2 (as '2'

" 51106 1 6 is the exponent in the x? term) . Hence: 2(n-r)+ - 1(r) =2
T7 = Ce (X ) — Solve this to find the value of r:
X 2(n-r) -r=2
B 10! 6 6 2(1-3r:2
=—XX r==6.
614!
= 210x%2 If the second term had x in the numerator the equation for finding r for the x term

would be 2(n-r) +r=2 (here the exponent would be > n) e.g. if the binomial was
raised to the 5th power, you might be asked to find the x® term.

Page 56



	Introduction (PCA)
	Topic 1 MultDivide (PCA)
	Topic 2 Factorisation (PCA)
	Topic 3 Algebraic fractions (PCA)
	Topic 4 Binomial expansions (PCA)
	Answers to activity questions (PCA)



